We derive an infinitesimal (or variational) version of the Selberg trace formula for compact Riemann surfaces, which gives information on the behaviour of the eigenvalues of the Laplace-Beltrami operator as the surface varies over the appropriate moduli space.
Introduction
In this note we derive a variational form of the Selberg trace formula for compact Riemann surfaces, as the surface varies over the appropriate moduli space. We use the real analytic theory of moduli spaces, taking advantage in particular of Wolpert's variational formula ([6] ) which lies at the heart of his study of the symplectic geometry of the moduli spaces.
Let X be a compact Riemann surface of genus g > 1, equipped with its Poincaré metric of constant curvature −1. Let ∆ X be the attending Laplace operator on X and {λ n } n≥0 be its spectrum, that is the sequence of the (positive) eigenvalues of −∆ X labelled in increasing order and with multiplicities. For any n ∈ Z + we define as usual the auxiliary spectral numbers ρ n via the equalities λ n = 1 4 + ρ 2 n ; true this defines ρ n ∈ C only up to sign but we will consider only even functions of the ρ n 's. We let M g denote the moduli space of Riemann surfaces of genus g, viewed as a complex orbifold (see below for more detail).
A lot of work has been devoted to analysing the variation of the spectra of Riemann surfaces. However the information which has been collected to-date mostly concerns the behavior of the low lying eigenvalues as the surface degenerates. More precisely M g can be compactified into M g where the divisor at infinity D = M g \M g classifies the Riemann surfaces with nodes -or stable curves as they are called by algebraic geometers. For any point in D, the corresponding surface can be thought of as a graph with surfaces of lower genera sitting at the vertices, F. Golse and P. Lochak CMH such that the total arithmetic genus is g. Let now X ε be a family of surfaces such that as ε tends to 0, X ε tends to a surface represented by a graph with k vertices (2 ≤ k ≤ 2g − 2); then as ε tends to 0, the first k eigenvalues (counting 0) of X ε tend to 0 and the (k + 1)-st one is uniformly bounded away from 0. In this prototypical situation tools have been developed which make it possible to prove the assertions summarized above and also to study more accurately the behavior of the k − 1 nonzero but vanishing eigenvalues. We refer to ([1]) for a short history of the development of this line of thought, references, as well as a recent and precise result of this type. Very little seems to be known about the variation of arbitrary (in particular non vanishing) eigenvalues of arbitrary (in particular non degenerating) surfaces. We refer to ([8] ) for results in the case of degenerating surfaces but non vanishing eigenvalues. The formula derived in this note can be used, like the original trace formula, in the vicinity of any surface, not necessarily near the boundary of M g . However, again like the trace formula, it gives global, not individual information on the (variation of the) spectrum. It may be that using well-adapted test functions, in particular functions which are peaked around a given point, one can extract more local information. We postpone to the concluding section some more speculative remarks about possible applications and amplifications and presently recall some additional background material.
Considering again a compact Riemann surface X of genus g > 1, it can be uniformized as X = H/Γ, where H denotes the Poincaré upper-half plane and Γ ⊂ P SL(2, R) is a hyperbolic Fuchsian group of the first kind. Let γ be a closed geodesic on X of length (γ); one can also regard γ as an element of Γ up to conjugacy and the length is given in matrix term via the formula: trace(γ) = 2 cosh( (γ)/2). Lastly we denote by P the set of oriented primitive closed geodesics, i.e. the set of non divisible conjugacy classes in Γ. For any γ ∈ Γ, there are unique p ∈ P and m ∈ Z * such that γ = p m ; note that we do not distinguish conjugacy classes and representatives in the notation, when no confusion is liable to arise from this abuse.
Selberg's trace formula deals with even "test" functions h ≡ h(ρ), with Fourier transformĥ(τ ) defined by:
The even test function h has to satisfy certain regularity and growth conditions which we state in the following 
